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Abstract

Coupling system between Gaussian type-microwave photon flux, static
magnetic field and fractal membranes (or other equivalent microwave
lenses) can be used to detect high-frequency gravitational waves (HFGWs)
in the microwave band. We study the signal photon flux, background
photon flux and the requisite minimal accumulation time of the signal in
the coupling system. Unlike pure inverse Gertsenshtein effect (G-effect)
caused by the HFGWs in the GHz band, the the electromagnetic (EM)
detecting scheme (EDS) proposed by China and the US HFGW groups is
based on the composite effect of the synchro-resonance effect and the in-
verse G-effect. Key parameters in the scheme is the first-order perturba-
tive photon flux (PPF) and not the second-order PPF; the distinguishable
signal is the transverse first-order PPF and not the longitudinal PPF; the
photon flux focused by the fractal membranes or other equivalent mi-
crowave lenses is not only the transverse first-order PPF but the total
transverse photon flux, and these photon fluxes have different signal-
to-noise ratios at the different receiving surfaces. Theoretical analysis
and numerical estimation show that the requisite minimal accumulation
time of the signal at the special receiving surfaces and in the background
noise fluctuation would be ~ 10° — 10° seconds for the typical laboratory
condition and parameters of h,,,, ~ 10726 — 10739/ VHz at SGHz with
bandwidth ~1Hz. In addition, we review the inverse G-effect in the EM
detection of the HFGWs, and it is shown that the EM detecting scheme
based only on the pure inverse G-effect in the laboratory condition would
not be useful to detect HFGWs in the microwave band.
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1. Introduction.

The first mention of high-frequency gravitational waves (HFGWs)was
during a lecture in 1961 by Robert L. Forward[1]. The lecture was based
upon a paper concerning the dynamics of gravity and Forward’s work on
the Weber Bar. The first actual publication concerning HFGWs was in
mid 1962 when M.E Gertsenshtein[2] authored the pioneering paper en-
titled “wave resonance of light and gravitational waves” (it is often called
Gertsenshtein effect). The next publication was in August of 1964 when
L.Halpern and B.Laurent[3]; they suggested at some earlier stage of de-
velopment of the universe (the big bang) conditions were suitable to pro-
duce strong relic gravitational radiation. They then discuss “short wave-
length” or HFGWs and even suggest a ‘laser’ generator of HFGWs anal-
ogous to a laser for EM ‘generation’. In 1968 R.A.Isaason authored pa-
pers[4,5] concerned with “Gravitational Radiation in the Limit of High
Frequency”. L.P.Grishchuk and M.V.Sazhin in the periods of 1974-1975
disccussed a scheme on “Emission of gravitational waves by an electro-
magnetic cavity and detection”[6,7], which also involved HFGWs. In
1974 G.F.Chapling, J.Nuckolls and L.L.Woods[8] suggested the genera-
tion of HFGWs by nuclear explosions and in 1978. V.B.Braginsky and
V.N.Rudenko discussed detection and generation of the HFGWs [9]. In
1979 S.W.Hawking and W.Israd[10] presented an actual definition for
HFGW:s having frequencies in excess 100KHz. However, genuine atten-
tion to HFGWs was occurred from the 1990’s for the following reasons:

(1)The maximal signal and peak of the relic GWs, expected by the
quintessential inflationary models (QIM) [11-15] and some string cos-
moogy scenarios[16-18], may be firmly localized in the GHz band, and
their root-mean-square (r.m.s) values of the dimensionless amplitudes
might reach up to ~ 1073 — 10733/ VHz. Such works continue today.

(2) The thermal motion of plasma of stars, the interaction of the EM
waves with interstellar plasma and magnetic fields, and the evapora-
tion of primordial back holes[19], are possible means to generate the
HFGWs.

(3)Study of nano-piezoelectiric resonator scheme[20], high-energy
particle beam[21-25] and the construction of the LHC[26] are possible
methods to produce HFGWs. Their frequencies may reach up to 10° Hz
and higher.

(4) Some HFGW detectors have already been constructed and more



have been proposed. The constructed HFGW detectors include a toroidal
waveguide scheme[27,28] and a coupled superconducting spherical cav-
ities system[29,30]. Proposed detecting schemes include small laser in-
terferometers detectors[31] and the coupling system of Gaussian beam,
static magnetic and fractal membranes [32]. In Table 1 we list some pos-
sible HFGW sources and their major mechanisms.

In this paper our attention is focused on signal photon flux, the back-
ground photon flux(BPF) and their signal-to-noise ratios in the coupling
EM detection scheme. We compute the signal photon fluxes, the signal-
to-noise ratios, and discuss displaying condition and the requisite mini-
mal accumulation time of the signal in the background noise fluctuation.
In addition, we review the inverse G-effect in the EM detection of the
HFGWs. It is shown that the pure inverse G-effect in the laboratory con-
dition cannot by itself detect the expected HFGWs, but the current EM
detecting scheme might greatly improve detecting sensitivity and narrow
the gap between the theoretical estimation of the expected HFGWs and
the possibility of their detection.

The outline of this paper is the following; In Sec. I we present a
brief history of the HFGWs research, including analyses of some pos-
sible HFGW sources. In sec. II we review the detecting scheme based
on the pure inverse G-effect. In Sec.III we discuss the EM perturbation
generated by the HFGW in coupling system between the static mag-
netic and the plane EM wave. In sec.IV we study the EM perturbative
effect of the HFGW in the coupling system between the Gaussian type-
microwave photon flux, the static magnetic field, and the fractal mem-
branes (or other equivalent microwave lenses), and give theoretical anal-
ysis, numerical estimations and a brief review to the role of the fractal
membranes or other equivalent microwave lenses. Our conclusions are
summarized in Sec V.

II. Detecting scheme based on the inverse Gertsenshtein
effect.

It is well known that if an electromagnetic wave (EMW) propagates
in a transverse homogeneous static magnetic field, it can generate the



Table 1: Some possible HFGW sources and relevant paramenters

Sources

Amplitude

Frequency

Characteristic

HFRGWs in
the quintessen-
tial inflation-
ary models
[11-15]

hyms ~ 10730 = 10732/ VHz

v ~ 10° — 10'°Hz

Random background

HFRGWs in
some  string
cosmology
scenarios
[16-18]

hrm.f ~ 10730 - 10734/ VHZ

v ~ 10% = 10''Hz

Random background

Solar plasma
[19]

hrms ~ 10_39/ VHZ

v~ 10 Hz

On the earth

High-energy
particles (e.g.,
Fermi  ring)
[24]

Byms ~ 1079 = 1071/ VHz

v~ 10*Hz — 10°Hz

On the center, the fre-
quency depends on the
rotating frequency of the
particles in the Fermi
ring

Stanford Lin-
ear Collider
(SCL)[21]

hrms ~ 10739/ VHZ

v~ 10%Hz

On the collision cen-
ter, the frequency de-
pends on the self-energy
and the Lorenty factor of
high-energy e*e™ beams

The Large
Hadron Col-
lider (LHC)
[26]

This is constitutes spec-
tra of high-frequency
gravitons, only integrals
for the total spectra
distribution range might
provide a indirect effect.

Nano-
piezoelectric
crystal — array
(size of ~
100m)[20]

hrms ~ 10728 - 10731/ VHZ

v~ 10° = 10'°H7

On the wave zone, ef-
fective cross section of
the gravitational radia-
tion would be less than
0.01m?




gravitational wave (GW). This is just the G-effect[2]. Then converting
probability of the EMW (photons) into the GW (graviton) is given by
[33,34] (in CGS units)

P ~ 4nGB*L?/c*, (1)

where G is Newton’s gravitational constant, B is the static magnetic
field. Contrarily, if a GW passes through a transverse homogeneous
static magnetic field, then it can generate an EMW (photon flux), which
propagates only in the same and in the opposite propagating directions
of the GW. The latter is weaker than the former or is absent. This is
just the pure inverse G-effect [33,35]. Whether the G-effect or its inverse
effect, the conversion rate between the GWs (gravitons) and the EMWs
(photons) is extremely low. For example, if B = 10T = 10°Gauss,
L = 10m = 1000cm, from Eq.(1), we have

P~10x107% (2)

For the EM perturbative effect caused by the GWs in the EM fields,
one’s attention is often focused to the inverse G-effect. In order to con-
sider the pure inverse G-effect in the laboratory size, the wavelength of
GWs should be the comparable with the laboratory dimension. Thus the
high-frequency GWs (HFGWs) in the microwave band (~103-10'°Hz)
would be suitable researching object. In fact, physical foundation of the
G-effect is the Einstein-Maxwell equations in the weak field condition,
while the physical foundation of the inverse G-effect is classical elec-
trodynamics in curved spacetime. If a circular polarized HFGW passes
through the transverse homogenous static magnetic field, according to
the electrodynamical equations in curved spacetime, the EMW produced
by the interaction of the HFGW with the static magnetic field can be
given by [32,35] (in order to compare possible experimental effect, from
now, we use MKS units).

-,

ED ~ ABVkyczexplilkyz — wgt)], 3)

BY ~ ABOk,zexpli(kyz — wyt)], 4)

where E0 and BV are parallel to the xy-plane and EVLBD. We also
assume A = Ag = Ag = |hg| = |hsl|, as the amplitudes of the HFGW with
two polarization states, and the superscript (0) denotes the background
EM fields, the notation " indicates the static EM fields, respectively. Here
we neglected the EMW propagating along the negative direction of the



z-axis, because it is often much less than the EMW propagating along
the positive direction of the z-axis. Egs.(3) and (4) show that such per-
turbative EM fields have a space accumulation effect (ec z) in the inter-
acting region: this is because the GWs (gravitons) and EMWs (photons)
have the same propagating velocity in a vacuum, so that the two waves
can generate an optimum coherent effect in the propagating direction
[33,35]. From Egs. (3) and (4), the power flux density of the EMW
in the terminal receiving surface (z=L) will have maximum (z=L, see
Figure 1)

tom = 1o - |EV x BY| ~ 1/po - (ABOk,L)c. (5)
y
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Figure 1: If a HFGW passes through a static magnetic field B, , the interaction of the

HFGW with the static magnetic field will produce an EMW, where L is the interacting
dimension between the HFGW and the static magnetic field. The EMW, has maximum
in the terminal position (Z=L) of the interacting volume due to the space accumulation
effect in the propagating direction the (z-direction).

In order to compare and analyze the EM perturbative effect under



typical laboratory conditions, we choice following typical parameters,

B = 10T,L = 10m,

Ve = v, = 5GHz(4, = 0.06m, k, = k, = 2 ~ 100),

hv = 3.3 x 1072*J(energy of single photon), (6)

A % hypy = h =107/ VHz t0 107°/ VHz,
As = 0.1 x 0.1 = 0.01m?(typical receiving surface),

where As is also the cross section of the interacting region. If h = Ryps =
1073°/ v/Hz, then the total power flux passing through As in the terminal
position (z=L) is
| A
UG) = uamAs = —(ABP kL cAs ~ 2.3 x 107°W, (7)
Ho
where the superscript (2) denotes the second-order perturbative EM power

flux. Therefore, corresponding second-order perturbative photon flux (in
quantum language) will be

NP = UG hw, ~23x1079/33x 107~ 7.0x 107757, (8)

For an HFGW of v, = 5GHz,h = 1073°/vHz, the total power flux
passing through the As is given by [36]

3

C
U,y = Up,As = —w?A*As ~ 1.6 X 107'W, 9
o Ug,As 87rGw S 9)

Thus corresponding graviton flux would be
N, = Upy/hw ~ 4.8 x 10'057". (10)

Because the power fluxes, Eq.(7) (including the photon flux, Eq.(8)) is
proportional to the amplitude squared of the HFGW, the second-order
perturbative photon flux (PPF) exhibits a very small value.

From Egs.(7)-(10), we obtain the conversion rate of the HFGW (gravi-
tons) into the EMW (photons) as follows

23%x10%  7x107"

P UanlUgw = NyINe = 7 07 = 13 x 107

~ 1.4x1073. (11)




Eqgs.(2) and (11) show that the conversion rates of the EMW (photons)
into the HFGW (gravitons) and the contrary process have similar orders
of magnitude. Thus, in order to obtain a second-order perturbative pho-
ton, from Eq. (8), the signal accumulation time would be, at least

~ Q) 1 ~ 16

At = 1/N;” = X107 1.4 x10"s. (12)
This is a very huge time interval. Eqs.(11) and (12) also show that the
conversion rate of the HFGW (gravitons) into the EMW (photons) is ex-
tremely low. Thus the PPF in the pure inverse G-effect cannot cause a
detectable signal or observable effect in the laboratory condition. Never-
theless, for some astrophysical and cosmological processes, it is possible
to cause interesting phenomena, because the very large EM fields (in-
cluding plasma) and very strong GWs (including low frequency GWs)
often occur simultaneously and these fields extend over a very large area
[15,37,38].

From Egs. (5) (7),(8) and (12), one finds,

if h = 1072/ VHz, then N\’ ~ 7 x 1075~ and At ~ 1.4 x 10%s,

h =102/ VHz, then N’ ~ 7 x 1075 and A ~ 1.4 x 10%.
(13)

Such results show that even if 7 = 10724/ VHz, it is still difficult to de-
tect the HFGWs by the inverse G-effect in the laboratory condition. In
other words, in order to generate an observable effect in such EM sys-
tem, the amplitude of the HFGW of v, = 5GHz must be larger than
h = 1072*/ VHz at least. Unfortunately, so far as, we know there are
no those HFGWs as strong as i = 1072*/ v/Hz or larger, though the
EM system based on the pure inverse G-effect in the high-vacuum and
ultra-low-temperature condition has a very good low noise environment.
Therefore the EM detecting scheme based the pure inverse G-effect in
the laboratory condition would not be available to detect HFGWs in the
microwave band.

III. The perturbative photon fluxes in coupling system be-
tween the static magnetic field and the plane EMW.



The classical and semi-classical description and linear quantum the-
ory all showed [33,39] that the interaction cross section between the GW
(gravitons) and the EMW (photons) in a strong background static mag-
netic field (virtual photons) will be much larger than that in the pure
inverse G-effect. In other words, the strong background static magnetic
field provides a catalyst to greatly enhance the resonant effect between
the EMW (the photons) and the GW (gravitons). However, the presence
of background EMW (the background photon flux) will generate a large
photon flux noise. If the perturbative photon flux (PPF, i.e., signal pho-
ton flux) and the background photon flux (BPF) have the same or the
very similar physical behaviors (e.g., propagating direction, distribution,
decay rate, etc.), then the PPF will be swamped by the BPE. The cou-
pling system between a plane EMW and the static magnetic field is just
this case (see Fig.2), which will have the same or very similar sensitivity
as the inverse G-effect. We assume the power of the background EMW
is 10W, and it is limited in the cross section of As = 0.1 X 0.1 = 0.01m?>.
Because the power flux of the plane EMW is distributed homogeneously
in the cross section As, then

(Pon) = Re (sEEOBY) As = 5L B0 As = 10W,
(14)

and IE9| ~ 8.7 x 102Vm!.

Total background photon flux passing through the cross section As
will be 10

3.3x 107
Then corresponding first-order perturbative power flux in the z-direction
is

N =10/hw, = ~3.0x10%s7", (15)

1 = = = 5]
U0 =SB X B+ B X Bl ds (10

= Re[ﬂiOE“)*Bg))] cosfBcosd - As

= Re[lﬁE(”*EiO)] cosBcosd - As

= lﬁlﬁ”llﬁio)l cosBcosd - As,
where ¢ is the phase difference between the HFGW and the background
EMW,, g is the angle between E® and E9 or BV and §§0), ie. B =
EP"ED = BY"BY, here § = 0 and 8 = 0 will always be possible by
regulating the phase and the polarization directions of the background
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Figure 2: If the HFGW and the EMW, pass simultaneously through the transverse
static magnetic field , under the resonant state (w, = wy), the first-order perturbative
EMW (EMW, i.e., “the interference term”) and the second-order perturbative EMW
(the EMW,) can be generated. However, because the EMW, and the EMW, have the
same propagating direction and distribution, and EM W is often much less than the
EMW,, the EMW,; will be swamped by the EMW,

EMW,. Then the HFGW and the EMW will have the best matching
state, i.e.,

1 % _
zmax — Re[_E(l) E;O)]AS ~ 6.9x%x10 ZOW, (17)

UP|s=0 = U
=L Hoc

Then the corresponding first-order PPF will be

NV =UV/hw, 69%x107°/33x 107 2 2.1 x 10*s7.  (18)

Thus the total photon flux passing through As is about

N, =NO+ NV + NP ~ (3.0x 10* +2.1x10* +7.0x 107"7)s™". (19)

In this case the ratio of N;l)and Néo)is roughly

2.1x10*
- ~7.0x 107, (20)

0
1= NN e

This is also very small value, and at the same time,

7.0x 107"

ST ~3.3%x107, (21)
A X

2 1
oy = NP IND ~

10



1.e., the second-order PPF is much less than the first-order PPF, while the
first-order PPF is much less than the background photon flux (BPF). This
means that if an EM detecting system contains simultaneously the static
magnetic field and the EMW, then the interaction cross section between
the GW (gravitons) and the EMW (photons) will be much larger than
that in the pure inverse G-effect. The classical description and linear
quantum theory for such a property have good self-consistency [33,39].

However, Egs. (3),(4),(14),(16),(18) show that the first-order PPF
(signal) and the BPF (noise) have the same propagating direction and
distribution, and the BPF is much larger than the PPF, so that the PPF
will be swamped by the BPF. In this case the PPF has no direct observ-
able effect. According to Egs. (3), (4), (17) and (18), one finds

if h = 1072/ v/Hz, then N\" ~ 2.1 x 1087,

X 22
if h = 1072/ vVHz, then NV ~ 2.1 x 10%s71. 22)

For example, if 7 = 1072%/ v/Hz, in order to displaying first-order PPF,
Nz(l)At must be effectively larger than the background noise fluctuation

JNOAL e,
N@ADE > (N,

then At > 6.8 x 107s.

(23)

where NEO)AI 1s the expectation value with a Poisson distribution of width

Néo). Egs. (13) and (23) show that such two schemes have similar de-

tecting sensitivity. Thus, detecting the HEGW of & = 1072/ VHz and
v = 5GHZz by such coupling EM system will also be very difficult.

IV. Coupling system of the static magnetic field and the
Gaussian type microwave photon flux

The above discussion shows that in order to detect the first-order PPF,
one must find a special EM resonant system in which the PPF and the
BPF have very different physical behaviors, even if such difference are
only distributed in a few local regions.

Before we discuss the resonance effect of the HFGWs in the pro-
posal EM system, we give a general analysis of the photon flux. Here,

11



E©_ BOdenote the background EM fields, EV, BV the perturbative EM
fields produced by the interaction of the HFGW with the static magnetic
field. Then total EM power flux density is

= 2 =Y — - -
iton = = EXB = L(E” + EO) x (BO + BY)

24
= LFO % BO 4 L(EO 5 B 4 FO 5 B0y 4 LED y B, 29
Ho Ho Ho
Thus, the corresponding total photon flux density will be
— 1 -
n, = muem
— L (F0) « BO _1 (FO) v B (1) s BO)
_MOIM(P:“ x]j’ )+#OME(E x B + EY) x B™) s
_L (F® (1)
+ i (B x BD) (25)

=10 4 7D 4 7@
where . .
770 — #o;hw(E(O) % B(O)),
Al = ——(E® x BV + EO x BO), (26)
22) _ _ 1 ) B
i® = ——(E® x BY).

Eq.(25) and (26) would be most general form of the PPF and the BPF,
where /79 7#Vand i7® express the BPF, the first-order PPF and the second-

order PPF densities, respectively. Since non-vanishing 'E(O)‘ , '§(0)| are

often much larger than 'ﬁl)‘ , 'ﬁ(l)', we have

7 > 7] > 17?). (27)

4-1.In the case of the plane Electromagnetic Wave or the plane EMW.

If the HFGW and the plane EMW|) all propagate along the z-direction,
then Eq.(25) is deduced to (see Fig.3)

—_ _ 1 [RO) 2 300 . B0
= <”Y>we:wg = Zyohwc<(Ex +EV)x (B, + B )>

We=Wg

£O

— 1 B0) 0)) B[ in (=
- W{ [BO|+ 1B sin (2 + ) 28)
+ [ED|BY|sin (% - )] cos & + [EVIBD}.

where the angular bracket denotes the average over time. For the plane

12



Jij X
FO
G= a2 _n"
B B
BO y

BY

Figure 3: In the coupling system of the static magnetic field and the plane EMW,
’E)SCO)' and |§;O)|den0te the background EM fields, ‘E(l)‘ and 'E(l)‘express the perturbative

EM fields generated by the direct interaction of the HFGW with the static magnetic field, i, is
the total photon flux density.

13



EMW in empty space, B\ = E\”/c, B" = E®/c(in MKS units), then
Eq.(28) becomes

n, =

0
= s { B "+ AEVYED| cos foss + EOR)

= g { TH2EY . EVcoss + |E<1)|2} (29)

= 1O 4 5O 4 4@,

where
2
0) — 1 "(O)
n 2,uocﬁu) ?
nh = E(O) ED cos 6, (30)
#OCﬁw
@ - _1 2(1))2
n Zyochw |E |

In fact, Eq.(30) can also be expressed as

|2 .
N (O)' = Ny(the background photon flux density) 31)
n® = W|E(l)|2 Ngw(the second — order PPF density)
while
nh = ,uoclhw E9.FD cos s = 2(NgNew)? cosé = N, (32)
(the interference term, i.e., the first — order PPF density).
Then, Eq.(29) can be re-written as
n, = No + 2(NoNgw)? cos 6 + Now. (33)

After a long time interval At the collected number of photons at the de-
tector or at the receiving surface would be

Ny = nyAt = NoAt + 2(NoNgw)? cos S - At + NowAr.  (34)
Clearly, in the plane EMW case, the BPF, the first-order PPF and the

second-order PPF all propagate along the same direction, thus in any re-
gion and at any receiving surface

No > 2(NoNew)? > Now (35)

14



is always valid. In this case, it is very difficult to display the first-order
PPF effect (n" = 2(NyNgw)? cosd = Ny) in an acceptable signal accu-
mulation time interval with the predicted total photon flux background.

In the coupling system between the Gaussian type-microwave pho-
ton flux (Gaussian beam (GB) is just one typical form of the Gaussian
type-microwave photon fluxes) and the static magnetic field, the general
expressions, Eqs.(25) and (26) are still valid. However, they will be ex-
pressed as the different exact forms in the different directions and the
receiving surfaces, and the relative relation between n® and n'" would
be different in the different receiving surfaces, even then they can reach
up a comparable order of magnitude. This is worth consideration. The
scheme [32] would be a useful candidate. Thus key parameters in the
scheme are the BPF and the first-order PPF in the special directions and
not the photon number. The former are vectors and have high directiv-
ity. They decide the strength of the photon fluxes reaching the detector
or the receiving surface, position and bearings of the detectors and the
signal-to-noise ratio (SNR) in the receiving surfaces.

4.2 Coupling system of the Gaussian-type microwave photon flux and
the static magnetic field.

Unlike plane EMW, the GB has not only longitudinal BPF (the BPF
in the z-direction, i.e., the direction of its symmetrical axis) but also the
transverse BPF, although the latter is often less than the former. The
BPF in the transverse directions (e.g., the x- and y- direction) decays as
fast as the typical Gaussian decay rate. Thus in the some special regions
and directions, the effect of both the PPF and the BPF would have a
comparable order of magnitude.

For the GB with the double transverse polarized electric modes[32,40]
it has

FO = £ 4 £O,

BO = B9 4 O 4 BO. (36)

Such EM fields satisfy the Helmholtz equation. If the circular polarized
HFGW propagates along the z-direction, then the non-vanishing pertur-
bative EM fields are E.’ ,§§1) (the perturbative EM fields produced by the

@ polarization component of the HFGW) and E;.l),gg)(the perturbative

15



EM fields generated by the ® polarization component of the HFGW) in
our scheme[32], respectively, i.e.,

EO = B0 4 B0,

B _ B B (37
BV =B + B
In this case, Eq.(25) has following concrete expression
it, = ﬂ—E x B
:MM{@®+EMMW+§w @®+Wﬂﬂ©+EVgW»
(38)

From Eq. (38), under the resonant state (w, = w,) the total photon flux
densities in the z-direction (the longitudinal direction of the GB) and in
the transverse direction (the x- and y- directions) can be given by

_ 1 +(0) p(0) x(0) p(0)
n, = zﬂonge{[Ex B + E;V B ]
+|EXOB + E7BY + EXV B + E;VBY|

+ [EXVB) + E;VBY|}

(39)
=n® + 0" + n®
0 1
=n" +n"” + o(h?),
_ _ 1 #(0) p(0) #(1) p(0) (0) 0]
n, = z—Re|E,"BY + VB | = n’ + 1, 40)
— 1 #(0) p(0) #(1) p(0) 0 )
ny = 5h=Re|E\"BY + E{VBY | = n” + n{". a1

(1)The photon flux in the z-direction (the longitudinal direction
of the GB)

From Eq. (39) and Refs.[32,40], we have

2
& exp(—— (42)

I — (1)

n§0) = exp(— ) n,

max max

where r is the radial distance to the symmetrical axis (the z-axis) of the
GB, W is the spot radius of the GB. Eq.(42) shows that ngo) decays by

16



the typical Gaussian decay rate exp(—%i), while n'"” decays by the factor

exp(—&,—zz), i.e., the decay rate of nil) is slower than that of ngo). However,

)

since |nZ e |n§ in almost all of the regions, it is difficult to

D
|max 1
generate an observable effect by n'" in these regions. For the HFGW

parameters of 4 = 1073°/ v/Hz, v = 5GHz, only if r — 34cm (at the xy

plane), ngl) has comparable order of magnitude with nS”. However, ngl)

and ngo) all are decayed to the very small undetectable value ngl) ~ ngo) ~

101651 m2,
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Gaussian beam

XS magnetic pole

Signal PPF

N

Signal PPF

N X
N magnetic pole HFGW

Figure 4: When the HFGW propagates along the z-direction in the coupling system of

~
AN

the GB and the transverse static magnetic field B( , the resonant interaction (w, = w,) of
the HFGW with the EM fields will generate not only the longitudinal perturbative photon flux
ngl), but also the transverse perturbative photon fluxes (ngcl)and ny)) in the x- and y- directions
due to the spread property of the GB itself. This is an important difference between Fig.2 and
Fig.4. Moreover, unlike ngl)and n§°), ng)and ngco)have very different distribution and the decay

rate.
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Figure 5: The first-order PPF density ngl) and the BPF density n”have the same propagating

direction and the similar distribution. Thus n”is much larger than n"in most of the regions.

z Z

(2)The photon fluxes in the x-direction (the transverse direction of the
GB).

According to Eq. (40) and Refs.[32,40], one finds

—_ Lo BO (1)) BO)
m= o hwe<|Ey 1B+ E B cos ) . 43)
Setting 6 = 0 will always be possible by regulating the phase of the GB.
Then (0) 30 (1) B0
_ 1 =2(0) 2 2(1) 2
m = g ((BVBY) + (BVEY)),
(44)
= n&o) + nfcl) = Nox + N1y
where
. 1 2 2x2
= Now = 5 (EPNB) = O lmacxexp(=155), (45)
n =N, = 1 <|E’(l)“§(0)|> = M exp(_x_z) (46)
* o zl'tohwe Y ‘ we:wé’ . max W2 ’
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Unlike the case of plane EMW, Eqs. (45) and (46) show that N, will be
not always larger than Nj,. In the case of GB, Bgo) of the GB depends
not only on E(O), but also E;O), 1.e.,

- —). (47)

Therefore, when E;O ) = O,nﬁco) must be vanish, but n&” = nﬁc]&lax #0

Figure 6: Schematic diagram of strength distribution of n'¥and nin the “outgoing wave”

region of the GB (another one is the “imploding wave” region. For an optimum GB, such prop-

()

erties of the transverse BPFs in such two regions would be “anti-symmetric”’). Unlike Fig.5,

here nio)lxzo = 0 while n\"|,.o = n"|max. Therefore, n{"Ar can be effectively larger than the

background noise photon flux fluctuation (nﬂp) ADV2 qe, n'VAr > (nffo)At)l/ 2at the yz-plane and
at the parallel surfaces near the yz-plane, and n'" will be major fraction of the total transverse
photon flux passing through the yz-plane, provided thermal photon flux and other noise photon
fluxes passing through the surface can be effectively suppressed. Clearly, the EM response of the
coupling system between the plane EMW and the static magnetic field has no such characteristic.
Moreover, the propagating directions of n’ are opposite in the regions of y > 0 and y < 0 for our
scheme. Thus, the total momentum of the PPF in the x-direction vanishes. In other words, such a
property ensured conservation of the total momentum in the coherent resonance interaction (see
Ref.[32]).

Although Eqgs. (45) and (46) all represent the transverse photon fluxes
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in the x-direction, but their physical behaviors are quite different:

1. At the yz-plane nfcl)lxzo = n;”|max where nfco)lxzo = 0, i1.e., the trans-

verse PPF has a maximum at the longitudinal symmetrical surface
of the GB where the transverse BPF vanishes. It should be pointed
out that, the transverse BPF at the longitudinal symmetrical sur-
faces being identically to zero is a fundamental characteristics of
the GB’s, whether the circular or elliptic GB’s. Thus the transverse
PPF would be a major fraction of the total transverse photon fluxes
flux passing through such a surface, provided the other noise pho-
ton flux passing through the surface can be effectively suppressed,
although the PPF is much less than the BPF in other regions, and
the PPF is always accompanied simultaneously by the BPF.

2. The n'" and n'* have different decay rates in the x-direction, i.e.,

2 2 . . .
n' o exp(—#), n? o x exp(—%). The position of a maximum of

n'! is the yz plane (x=0), while the position of maximum of n? is
about x=3.2cm in our case. Thus, SNR nil)/nio) will be very differ-
ent at the different receiving surfaces. This means that it is always
possible to obtain a best SNR n by choosing the suitable re-
gion and the receiving surface. Using Eqs.(45) and (46), the total
transverse photon fluxes passing through the receiving surface As

can be given by

N = f n'Vds, (48)
As

NO = f nVds, (49)
As

In the current scheme, As ~ 1072m?.
4-3 Numerical estimation of the transverse photon fluxes.

In order to measure Nfcl) at a suitable receiving surface, N,(Cl) At (notice

that here N is equivalent to 2(NoNgw)? in the plane EMW case, but
) SNV .

N)(C]) in our case and 2 (NONgW) in the plane EM case have a very dif-

ferent physical behavior) must be effectively larger than the noise photon
fluctuation (NVAn'72, ie.,
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NDAr > (NOAn'2, (50)

then )
At > NO[(ND) = Aty (51)

where At,;, is requisite minimal signal accumulation time at the noise
background Nfco). In fact, Egs. (50) and (51) are the exact forms from
the general relation Egs. (25), (26), while Eq.(23) is the exact form from
the general relation Eqgs. (25) (26) in the plane EMW case. In the fol-
lowing we list theNfC]),N)(co), Atyin and measurable HFGW strength A,
at the different receiving surfaces. If x=0 (the yz-plane), then NO=0,
it would be best measuring in the region for N,(Cl). Of course, this does
not mean that there are no other noise photon fluxes passing through the
receiving surface As. In fact, scattering, diffraction and drift of the BPF
and the thermal noise caused by the BPF all can generate smaller the
noise photon fluxes passing through the surface As. Since they are all
caused by the BPF, they should have the same decay factor exp(—%vij)
as the BPF. Moreover, external EM noise and the thermal noise caused
by the environmental temperature are independent of the BPF, but they
can be effectively suppressed by high-quality Faraday cage or shielding
covers and low-temperature (T~ 1K or less) vacuum operation. In gen-
eral, they are much less than the BPF. Issues such as the thermal noise,
the radiation press noise, and the noise caused by the scattering for this
scheme have been discussed in Ref.[41], we sall not repeat them here.
Thus, our attention will be focused only on the BPF itself and the other
noise photon flux Ni(()zther) caused by the BPF. In this case, if such noise
photon fluxes passing through the receiving surface As at the yz-plane
can be limited a realizable level, then we can estimate the minimal signal
accumulation time At in the noise background.

From the above discussion, Eqs.(48),(49) and Ref.[32,40], the signal
photon flux N{" and the background photon flux N passing through As
are

2
M _ |y X
N =[NP, exp(=), (52)
2 2
N)(CO) = N)(CO) ot exp(—%), (53)
and )
2x
(0) R EY(O)]
Nx(olher) - Nx(other) max exp(_ﬁ)’ (54)
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Displaying condition in the receiving surfaces will be

1
) 3 (0) (0) 2
NO@An? =[N0+ N ] (55)
thus
(0) NO (0)
)C|Nx | x(other) |max lN x(other) |max
At > trnin = ’

|N<”|2

max

|N“>|2

max

(56)

where |N,(CO)|max ~ 1.2 x 10*2s7! in the typical parameters condition of the
scheme.

Considering a possible laboratory condition, we choice the typical
parameters in Ref.[32], i.e., Bg)) =37,L = 6m,P = 10W. Then we can
estimate At;, in the different HFGW parameters conditions.

(1) x=0, then N = 0, from Egs. (53) and (56)
| (

x(other) |max

Imin = NOR_ (57)
If h =107/ VHz, thenN" = [N"|0x ~ 8.2 x 10%s'and
Atmin = 3.0 X 10%s provided |N((other)|max <2.1x10%7!,
Atmin = 3.0 X 10°s ~ 3.5 days provided |N((0ther)|max <2.1x10Ms,
(~ 0.7PW)
(53)

h = 1072/ VHz, then|N'"| . ~ 8.2 X 105s™'and

Alin ~ 3.0 X 10°s provided [N}y < 2.1 X 10157,

Atmin = 3.0 X 10°s ~ 3.5 days provided |[N' < 2. 1 x 107571,
(59)

x(other) |max

h =107/ VHz, thenN;nax ~ 8.2 x 10°s™"and
Atuia ~ 3.0 X 10°s provided Ng e bnax < 2.1 x 107571,

Afmin = 3.0 X 10°s ~ 3.5 days provided N{) < 2.1 x 105",
(60)
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h = 107%*/ VHz, then|N\"|0x ~ 8.2 x 10%s~'and
Almin ~ 3.0 X 10°s provided [N} Iy < 2.1 x 107157,
Atmin = 3.0 X 10°s ~ 3.5 days provided [N{) . lnax < 2.1 X 105571,
(61)
The above results show that limitation to the other noise photon fluxes
passing through As would be very relaxed. It is interesting to compare
the scheme employed earlier (see Eq. (23), where 4 = 107%°/ VHz,v =
5GHz, 1%0) = 10T,L = 10m,P = 10W) and the current scheme (see
Eq.(60), here i = 1072°/ y/Hz,v = 5GHz, B® = 3T, L = 6m, P = 10W),
they show that the current scheme has obvious advantages and reality.

(2) x=1em=10"2m, then N ~ 1.1 x 102571, but where INfC?o)t,w)lmax is

often much less than N i.e., Ng?thﬂ)

discussions. From Eq.(56), we have

can be neglected in the all following

h=102/vVHz, NV ~78x100s", Aty ~ 1.8 % 10s.
h=102vVHz, NV ~78x%x107s7!, Atyn~ 1.8%x10%.  (62)
h=102%vVHz, NP ~7.8x 10857, Afpin ~ 1.8 X 102s.

(3) x = 2cm = 2 X 1072m, then N ~ 1.7 x 10%s™!

h=10"2vVHz, NP ~7.0x10%7", Aty ~ 3.5 x 10°s.
h=105vVHz, NP ~7.0x107s™, Aty ~3.5%x 10%s.  (63)
h=102vVHz, NP ~7.0x108s7!, Aty ~ 3.5 X 10%s.

(4)x = 3cm =3 x 102m, then N9 ~ 1.8 x 1025~!

h=102+vHz, NV ~58x 10!, Aty ~ 5.4 x 10°s.
h=102vVHz, NP ~58x107s7!, Aty ~ 5.4 % 10%s.  (64)
h=102vVHz, NP ~58x10%7", Aty ~ 5.4 x 10%s.

(5)x = 10cm = 0.1m, N9 ~ 4.0 x 10'7s™!

h=102+vHz, NP 215x1057", Afpin ~ 1.2 % 107s.
h=105vHz, NP 215x10057", Afpin ~ 1.2%x10%s.  (65)
h=102%vVHz, NP 215x107s7", Atypin ~ 1.2 X 103s.

(6) x = 29cm, (about distance of 6 spot radiuses of the GB),
h =102 VHz, then N ~ NV ~ 2.1 x 1085, Time of
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receiving one transversal photon would be At = ﬁ ~
X

%+1 =48x%x10"s.
2.1x10-88”

N

The above numerical estimation shows that:

1. The best position for displaying N\ would be in the yz-plane and
the other parallel receiving surfaces in the region of —2cm < x <
2c¢m. In such regions, the transverse PPF N\ for the parameter
condition i ~ 1072* — 1073%/ v/Hz may reach up to ~ 8.2 x 1085~
to 8.2 x 10°s™!. If other noise photon fluxes passing through the
surfaces can be effectively suppressed into ~ 2.1 x 10?s7! to ~
2.1x10%s7!, then corresponding minimal signal accumulation time
Atpyin in the noise photon flux background would be ~ 10°s to 10°s.

2. Unlike Nil),fo)) has maximum at x ~ 3.2cm, where N)(CO) > N)(Cl),
but N)(cl)|x:3,zcm and N)(cl)|x:0 = N)(cl)lmax have the same order of mag-
nitude. In the region, the detecting sensitivity would be worse by
3-4 orders of magnitude over that at the yz-plane.

3. Since N = [Ny exp(=i) N = [N | xexp(=25), even
if h=10720/ v/Hz, they will have the same order of magnitude in
x = 29cm. However, where N)(CO), NS) all decay to 2.1 X 10~ 1,

Moreover, it was shown that if the propagating detections of N and
N,(Cl) are the same in Ist, 3rd, 6th and 8th octants in our case, then they
will propagate along the opposite directions in the 2nd, 4th, Sthe and
7the octants [32]. This means the distinguishing ability to N and NV
of the scheme can be further improved. Also, as suggested by Baker
[42], since the BPF is unaffected by the magnetic field (it is only in-
volved in the generation of the PPF), one can differentiate the PPF from
the BPF by modulating the magnetic field. This essentially eliminates
the BPF by microwave-receiver signal processing. For example, one
measures the BPF plus PPF with the magnet on and then measures the
BPF alone with the magnet off and subtracts one from the other in order
to obtain the PPF alone. This process is accomplished more rigorously
by statistical signal processing.
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4.4 Role of fractal membranes or other equivalent
microwave lenses

(1). The FMs is merely one of many possible ways to improve the SNR
and detecting quality via the redirection of signal photons onto the mi-
crowave detectors [32]. However, in the above discussion, the proposal
scheme did not involve the FMs. In order words, even if we do not use
the FMs, the above-mentioned relation between the PPF and the BPF is
still valid. The fractal membranes in the GHz band have successfully
been developed by the Hong Kong University of Science and Technol-
ogy [43-45] from 2002-2005. Firstly, the fractal membranes (FMs) have
very good selection ability to the photon fluxes in the GHz band. If
the FM is nearly totally reflecting for the photon fluxes with certain fre-
quencies in the GHz band, then it will be nearly total transmitting for
the photon fluxes with other frequencies in the GHz band. Secondly, the
FMs have good focus function to the photon fluxes in the GHz band.
For example, the photon fluxes reflected and transmitted by the FMs
can keep their strength invariant within the distance of 1 meter from the
FMs. Such function has been proven by experimental tests. The role of
the FMs in the scheme is only the reflector or the transmitter for the pho-
ton flux in the GHz band. Because NZ(O), Nﬁo) and N, N are exactly
orthogonal for each other, an FM (or an equivalent microwave lens) par-
alle with the yz-plane would focuses only N? N and not NEO), N;O). In
fact, here requirement for the FMs is also more relaxed, i.e., it does not
require focusing the photon flux onto a micron-sized detector even into
a point. In the typical parameter condition of the scheme, if the cross
section of the focusing photon flux and the image size has the same or
close size in the detector ( in distance of ~28cm,) then the SNR N)(Cl) /N)(CO)
at the receiving surface As and at the image surface As” would be nearly
the same. Moreover, because unfocused NEO),N;O) will be decayed to
1077s7! at x=29cm, their influence can be neglected there.

(2). If the FM is just laid at the symmetrical plane (the yz-plane)
or at the parallel planes very near the yz-plane, then the wave-fronts of
the photon fluxes passing through the receiving surfaces As at the planes
would be the plane or the pseudo-plane, i.e., where it is possible to ob-
tain a better focusing effect. The requirement for the focus in the region
would be more relaxed than other regions. This is because such focus-
ing quality depends only on the local interaction of the photon fluxes
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at the receiving surfaces in the region of |x| < 2cm. Besides, provided
the photon fluxes focused by the FM can keep a plane or pseudo-plane
wave-front, then N)(CO),N)(C]) focused simultaneously on another surface
As" would have the same or nearly the same SNR as with that at As.

A unique requirement for N)(Cl) and N)(CO) at As’ is that N)(Cl) (At)% should

be larger than \/N)(CO) in a typical experimental time interval At, and this
process does not need an image of high-quality at As’.

(3). The photon fluxes NZ(O) and Nél) in the z-direction have a sim-
ilar property. However, unlike the relation between N and N, NZ(O)
(noise) is much larger than Ngl) (signal) in the almost of all regions. This
is a very important difference between the photon fluxes in such two di-
rections.

(4). A major role of the FM or other equivalent microwave lenses in
the scheme is their focusing effect and not their superconductivity, and
this does not mean that one can measure only N)(cl) (“interference term”)
and not N (background). Also, it does not mean that N© is neglected
and N does not reach the photon flux detector. Actually, the FM is im-
mersed in the BPF. Thus the BPF will generate the thermal noise in the
FM. However, the BPF itself and the thermal noise photons caused by
the BPF in the FM have an essential difference. The former is vector and
has high directivity; the latter are photons of random thermal motion.
Under the low-temperature condition, the latter are much less than the
former. In particular, NZ(O), Nﬁo) of the BPF are exactly parallel to the yz-
plane and exactly perpendicular to N and N'" Thus NEO) and Nﬁo) do
not provide any direct contribution to the photon flux passing through
the receiving surfaces parallel to the yz plane, nor are they reflected,
transmitted or focused by the FMs laying at the receiving surfaces. In
other words, the photon flux focused by the FM will be NO NY and
not NZ(O), N)(,O). In this case Nfcl) and N)(CO) would reach simultaneously the
detector, but Nfcl) and N,(CO) in the different receiving surfaces have the
different ratioN" /N, this is an important difference to the plane EMW
case. Therefore, it is always possible to choose a best region and the
receiving surface to detect the total photon flux (N)(CO) + Nfcl)) which has a
good SNR. Furthermore, the N )(CO) can be differentiated from the Nfcl) by
modulating the By.
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The transmitting FM or
an equivalent microwave lens.
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Figure 7: Unlike the photon fluxes NEO),NZfl),Nil)Ix:o = N,(Cl)lmaxwhere N)(CO)IX:() = 0. This
means that N)((O) and N,(Cl)focused by the FM at the yz-plane or at the parallel planes very near

the yz-plane would have a good focusing effect and the SNR.

The transmitting FM or an
equivalent microwave lens
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Figure 8: If the FM is just laid at the yz-plane or at the parallel planes very near the yz-
plane, then the wave-fronts of the photon fluxes passing through the planes would be
the plane or the pseudo-plane, and it is possible to obtain an effective focusing effect.
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The transmitting FM or
an equivalent microwave lens.
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Figure 9: If the FM is laid at an obvious non-symmetrical plane, then it is difficult to
focus the photon fluxes due to the spread property of the GB.

4.5 Challenge and issues

Except for the above-principle analysis, of course, one must consider
following challenge and issues. They would include the generation of
high-quality GB, suppression of the noises, such as thermal noise, the ra-
diation press noise, noises caused by the scattering of photons, dielectric
dissipation due to the dust and other particles, and the concrete influence
and correction of the FMs to the GB itself, etc.

The low-temperature (T~1K or less) and vacuum operation can effec-
tively reduce the thermal noise and dielectric dissipation. There is room
for improvement in other ways as well. They would include utilization
of super-strong static magnetic fields, matching of ultra-high sensitivity
microwave photon detectors, construction of a good “microwave dark-
room”, coupling between the open superconducting cavities and the cur-
rent scheme (the open superconducting cavities have very large quan-
tity factor Q~10°-10"!, this coupling might greatly enhance the signal
photon flux and not increase obviously the noise power), etc. All these
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issues need further theoretical study and careful experimental investi-
gation, and they would provide new ways and possibilities to further
narrow the gap between the detection schemes and the reality of a valid
measurement.

V. Brief summary

The EM detecting scheme based on the pure inverse G-effect in the
laboratory would not be capable of detecting the HFGWs in the GHz
band, while the coupling system between the Gaussian-type microwave
photon flux, the static magnetic field and the fractal membranes (or other
equivalent microwave lenses) will be a useful candidate. The key param-
eter in the current scheme is not the second-order PPF but the transverse
first-order PPF; the measurable photon flux is not only the transverse
first-order PPF but the total transverse photon flux, and they have differ-
ent SNRs at the different receiving surfaces; the requisite minimal accu-
mulation time At of the signal at the special receiving surfaces and in the
background photon flux noise would be ~10°-10° seconds for the typi-
cal laboratory condition and the parameters of i ~ 1072° — 10~/ vHz
at v = 5GHz with bandwidth ~1Hz

This paper does not involve the standard quantum limit (SQL) caused
by the quantum back-action. The SQL constrains the lowest possible
sensitivity. We shall show that the SQL in the current scheme does
not constrain predicated sensitivity (including the constant amplitude
HFGWs and the stochastic high-frequency relic GWs). In other words,
the sensitivity in the current scheme is the photon signal limited, not
quantum noise limited[46]. We will discuss relative issues elsewhere.
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